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Abstract
Within the Lagrange formalism we show that the gauge invariant
total energy-momentum tensor for gravitational interactions is zero.
If the equations of motion are satisfied the energy tensor is conserved.
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I. Introduction
All our considerations are within the Lagrange formalism of field theory. The
concept of the energy-momentum tensor for gravitational interactions has a
long history. In this paper we adopt the philosophy commonly accepted
for electromagnetic interactions. The electromagnetic field is described by a
restmass zero, spin one field. This field then has its own gauge group. A
charged matter field also has its own gauge group, that leads to a conserved
current. If we demand that the electromagnetic interaction with the charged
matterfield is a minimal coupling to the conserved current, the two gauge
groups get related to form the EM interaction gauge group (electromagnetic
gauge group). It consists of scalar functions and gives rise to a covariant
derivative. The total action is then Lorentz-invariant and also EM gauge
invariant. Similarly, the gravitational field is described by a restmass zero,
spin two field. This field also has its own gauge group. If we demand that
the gravitational interaction with a matterfield is a minimal coupling to the
conserved energy-momentum tensor of the matterfield, the gauge group gets
enlarged to the G interaction gauge group. Its Lie algebra consists of vector
fields and gives raise to a covariant derivative. The total action is then
Lorentz invariant and also G-gauge invariant [2] (gravitational gauge group).
We take the position that the Lorentz group is the fundamental symmetry
group of all of physics. If there are additional symmetry groups, the physical
relevant quantities should be covariant with respect to the additional sym-
metry. Conservation laws can involve quantities that are not covariant with
respect to the additional symmetry groups but are only Lorentz covariant.
In this paper we study gravitational interactions with a general matter
field. The G interaction gauge group consists of vector fields vanishing at
infinity. The Lorentz group is thus not a subgroup of our G gauge group.
With respect to the Lorentz group, the energy tensor (translation invariance)
and the energy-momentum tensor (proper Lorentz invariance) are of physical
importance [3]. We show that the energy tensor satisfies a conservation
law and the G gauge invariant energy-momentum tensor vanishes. G gauge
invariance implies additional conservation laws.
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II. Gravitational Interaction with a General
Matterfield
Let gαβ be a symmetric Lorentz tensor field on Minkowski space and g
αβ its
inverse. φ stands for a general multicomponent field on Minkowski space. We
assume throughout automatic summation over Lorentz-, spinor-, and internal
indices even if they are not explicitly mentioned. The action for gravitational
interaction is given by
A =
∫
dxL (II.1)
where
L = LG(g) + LM(g, φ). (II.2)
Let
AG =
∫
dxLG(g) (II.3)
and
AGM =
∫
dxLM (g, φ) (II.4)
Both actions AG and AGM are assumed to be Lorentz invariant.
In order for the total action A to represent gravitational interaction [2],
the action also has to be invariant with respect to the G gauge group (grav-
itational gauge group). Its infinitesimal generators (Lie algebra) consist of
smooth vector fields, vanishing at infinity. This invariance is represented by
smooth coordinate transformations, i.e., general covariance.
The action AG represents gravitational selfinteraction. Its Lorentz invari-
ance gives an energy tensor (translation invariant) and an energy-momentum
tensor. The same is true for the action AGM which represents the gravita-
tional interaction with matter. The actions AG and AGM are in additional
also G-gauge invariant.
In the next two sections we compute the energy tensors and energy-
momentum tensors for these actions and the implications of the additional
G-gauge symmetry.
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III. Gravitational Selfinteraction
With the notations and the results in the appendices and form [3] and [4]
the action for gravitational selfinteraction is given by
AG =
∫
dxLG(G) (III.1)
where the Lagrangian is given by
LG(G) =
√
gK + ∂µB
µ. (III.2)
The divergence term is resopnsible for the action to be G-gauge invariant.
Deleting the divergence results in a Lorentz invariant action only.
We now find the following quantities
H
αβ,µ
0 ≡
∂(
√
gK)
∂gαβ , µ
(III.3)
H
αβ,µ
0 = −
1
2
gαβBµ +
√
g
[
Γµαβ − 1
2
(
gµαΓσβσ + g
µβΓσασ
)]
. (III.4)
The Euler derivative is given by
G
αβ
0 ≡ ε(gαβ)
√
gK (III.5)
G
αβ
0 = −
√
g
[
Rαβ − 1
2
gαβR
]
(III.6)
The quantity in the bracket is also known as the Einstein tensor.
The energy tensor is given by
E
µ
0 σ = H
αβ,µ
o gαβ,σ − δµσ
√
gK (III.7)
Introducing
hαβ =
√
ggαβ , hαβ =
1√
g
gαβ (III.8)
we get
E
µ
0 σ = Γ
β
αβ∂σh
αβ − Γµαβ∂σhαβ − δµσ
√
gK (III.9)
E
µ
0 σ is not G-gauge invariant and thus is only a Lorentz tensor.
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From translation invariance we find
∂µE
µ
0 σ = −Gαβ0 gαβ,σ (III.10)
Now we look at the other auxiliary quantities and find
P
µα
0 λ = 0 (III.11)
K
µα
0 λ = 2H
αβ,µ
0 gβλ (III.12)
Z
µ
0 σ = 0 (III.13)
From G-gauge invariance one finds
1
2
[
K
αβ
0 λ +K
βα
0 λ
]
= −∂µ
[
∂Bµ
∂gα̺,β
g̺λ +
∂Bµ
∂gβ̺,α
g̺λ
]
(III.14)
and from
∂Bµ
∂gα̺,β
g̺λ = −δαλhµβ +
1
2
δ
β
λh
µα +
1
2
g
µ
λh
αβ (III.15)
we then get
1
2
[
K
αβ
0 λ +K
βα
0 λ
]
= ∂µ
[
1
2
δαλh
µβ +
1
2
δ
β
λh
µα − δµλhαβ
]
. (III.16)
Observe now that
∂α∂βK
αβ
0 λ = 0 (III.17)
Also
W
λµα
0 = ∂σ
[
ηασhµλ + ηµσhαλ − ηµαhµλ − ησλhµα
]
(III.18)
gives
tµα = ∂λ∂σ
[
ηασhµλ + ηµσhαλ − ηµαhσλ − ησλhµα
]
(III.19)
Since ∂α∂βK
αβ
0 λ = 0 and t
µα is only a Lorentz tensor but not G-gauge
invariant, the G-gauge invariant energy-momentum tensor is identically zero.
This also implies that a G-gauge invariant action, whose Lagrangian in-
volves only up to first order derivatives of the fields and no divergence term,
has energy-momentum tensor zero.
That the energy-momentum tensor vanishes identically is expressed by
the identity
E
µ
0 σ + 2G
µα
0 gασ + ∂λK
λµ
0 σ ≡ 0 (III.20)
Finally we get from G gauge invariance the identity
2∂β
(
G
βα
0 gαλ
)
= G αβ0 gαβ,λ (III.21)
This is the Bianchi identity.
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IV. Gravitational Interaction Term withMat-
ter
The gravitational interaction term with matter is given by the action
AGM =
∫
dxLM (g, φ)
This action is Lorentz invariant and also G-gauge invariant.
The Lagrangian
LM (g, φ) = LM(gαβ, ∂µgαβ, φ, ∂σφ) (IV.1)
is assumed to depend only on the fields gαβ, φ and on their first derivatives,
and has no boundary term. Thus the energy-momentum tensor vanishes
identically.
We now find the following quantities
H
αβ,µ
M ≡
∂LM
∂gαβ,µ
(IV.2)
This can only be evaluated if the matter fields φ are specified.
Similarly for
H
µ
M ≡
∂LM
∂φµ
(IV.3)
The Euler derivatives are given by
ε(gαβ)LM ≡Mαβ (IV.4)
We call Mαβ the gravitational stress tensor.
G ≡ ε(φ)LM . (IV.5)
is the Euler derivative of the matter fields. The energy tensor for the action
AGM is given by
E
µ
1 σ = E
µ
M σ +H
αβ,µ
M gαβ,σ (IV.6)
where
E
µ
M σ = H
µ
M σφσ − δµσLM (IV.7)
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is the energy tensor for the matter field. Again, both E µ1 σ and E
µ
M σ are
only Lorentz tensors, because in general they are not G-gauge invariant.
From translation invariance we find
∂µE
µ
1 σ = −Gφσ −Mαβgαβ,σ (IV.8)
Now we look at the other auxiliary quantities and find
K
µα
1 λ = H
µSαλ + 2H
αβ,µ
M gβλ (IV.9)
and
Z
µ
1 σ = E
µ
1 σ +GS
µ
σ + 2M
µβgβσ + ∂λK
λµ
1 σ (IV.10)
Since Z µ1 σ vanishes identically we obtain
E
µ
M σ +GS
µ
σ + ∂λ(H
λSµσ) + 2M
µβgβσ +H
αβ,µ
M gαβ,σ + 2∂λ
[
H
µβ,λ
M gβσ
]
= 0
(IV.11)
From G-gauge invariance we finally get the identity
∂β
[
GS
β
λ + 2M
βαgαλ
]
= Gφλ +M
αβgαβ,λ (IV.12)
V. General Gravitational Interaction
We now look at the total action
A = AG + AGM (V.1)
with the corresponding Lagrangian
L = LG + LM (V.2)
The auxiliary quantities then read
Hαβ,µ ≡ ∂[
√
gK + LM ]
∂gαβ,µ
(V.3)
Hαβ,µ = H αβ,µ0 +H
αβ,µ
M (V.4)
Hµ ≡ ∂LM
∂φµ
(V.5)
Hµ = H µM (V.6)
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For the Euler derivatives we get
Gαβ ≡ ε(gαβ)[√gK + LM ] (V.7)
Gαβ = G αβ0 +M
αβ (V.8)
G ≡ ε(φ)LM (V.9)
The total energy tensor then becomes
Eµσ = E
µ
0 σ + E
µ
M σ +H
αβ,µ
M gαβ,σ (V.10)
where E µ0 σ is given by (III.9) and E
µ
M σ by (IV.7).
Eµσ is only a Lorentz tensor.
From translation invariance we get
∂µE
µ
σ = −Gαβgαβ,σ −Gφσ (V.11)
The G-gauge invariant energy-momentum tensors belonging to the actions
AG and AGM are both identically zero. Thus the overall G-gauge invariant
energy-momentum tensor is zero.
This is reflected in the following two identities
E
µ
0 σ + 2G
µα
0 gασ∂λK
λµ
0 σ = 0 (V.12)
E
µ
M σ +GS
µ
σ + ∂λ(H
λSµσ) + 2M
µβgβσ +H
αβ,µ
M gαβ,σ + 2∂λ
[
H
µβ,λ
M gβσ
]
= 0
(V.13)
Finally G-gauge invariance gives the two identities
2∂β
(
G
βα
0 gαλ
)
= G αβ0 gαβ,λ (V.14)
∂β
[
GS
β
λ + 2M
βαgαλ
]
= Gφλ +M
αβgαβ,λ (V.15)
Now we assume the equations of motion to be satisfied, i.e.,
G = 0 (V.16)
Gαβ = 0 (V.17)
G = 0 is the equation of motion for the matterfield and Gαβ = 0 is the
Einstein equation
√
g
[
Rαβ − 1
2
gαβR
]
=Mαβ (V.18)
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From translation invariance we get the conservation law
∂µE
µ
σ = 0 (V.19)
This means that the total energy is conserved. This statement is reflected in
the equations
∂µE
µ
0 σ = M
αβgαβ,σ (V.20)
∂µE
µ
M σ = −Mαβgαβ,σ − ∂µ
[
H
αβ,µ
M gαβ,σ
]
(V.21)
Finally we have the energy-balance equation
Eµσ + ∂λ
[
K
λµ
0 σ +K
λµ
1 σ
]
= 0 (V.22)
which is reflected in the equations
E
µ
0 σ − 2Mµβgασ + ∂λK λµ0 σ = 0 (V.23)
E
µ
M σ + 2M
µβgβσ +H
αβ,µ
M gαβ,σ + ∂λ
[
HλSµσ + 2H
µβ,λ
M gβσ
]
= 0 (V.24)
and from G-gauge invariance the relation
2∂β
[
Mβαgαλ
]
=Mαβgαβ,λ (V.25)
VI. Example: Gravitational Interaction with
a Massive Vectorfield
The gravitational interaction term for this model is given by the Lagrangian
LM (g, φα) =
√
g[gαβgµν(Dµφα)(Dνφβ)−m2gαβφαφβ] (VI.1)
with the covariant derivative
Dµφα = ∂µφα − Γσαµφσ (VI.2)
for the vectorfield {φα}.
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We first compute the auxiliary quantities
H
α,µ
M ≡
∂LM
∂φα,µ
(VI.3)
H
αβ,µ
M ≡
∂LM
∂gαβ,µ
(VI.4)
H
α,µ
M = 2
√
gDµφα (VI.5)
H
αβ,µ
M = −
1
2
√
g[φα(Dβφµ +Dµφβ) + φβ(Dαφµ +Dµφα)
−φµ(Dαφβ +Dβφα)] (VI.6)
We have raised the indices with gαβ.
For the Euler derivatives
Gα ≡ ε(φα)LM (VI.7)
Mαβ ≡ ε(gαβ)LM (VI.8)
we get
Gα = −2√g[DµDµφα +m2φα] (VI.9)
Mαβ =
1
2
gαβLM −√g[(Dµφα)(Dµφβ) + (Dαφµ)(Dβφµ)−m2φαφβ] (VI.10)
+
1
2
√
gDµ
[
φα(Dβφµ +Dµφβ) + φβ(Dαφµ +Dµφα)− φµ(Dαφβ +Dβφα)
]
The energy tensor for the matterfield alone is given by
E
µ
M σ = 2
√
g(Dµφα)φα,σ − δµσLM (VI.11)
The total energy tensor for this gravitational interaction then becomes
Eµσ = E
µ
0 σ + E
µ
M σ +H
αβ,µ
M gαβ,σ (VI.12)
where E µ0 σ is given by (III.9) as
E
µ
0 σ = Γ
β
αβ∂σh
αµ − Γµαβ∂σhαβ − δµσ
√
gK (VI.13)
The equations of motion now read
DµD
µφα +m
2φα = 0 (VI.14)
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Rαβ − 1
2
gαβR =
1
2
gαβ
[
(Dµφσ)(D
µφσ)−m2φσφσ
]
−(Dµφα)(Dµφβ)− (Dαφµ)(Dβφµ)
+m2φαφβ +
1
2
Dµ[φ
α(Dβφµ +Dµφβ) + φβ(Dαφµ +Dµφα)
−φµ(Dαφβ +Dβφα)] (VI.15)
In addition we have the conservation law
∂µE
µ
σ = 0 (VI.16)
where Eµσ is given by (VI.12).
For the gravitational stress tensor we also have the equation
2∂β
[
Mβαgαλ
]
=Mαβgαβ,λ (VI.17)
which is equivalent to the Bianchi identity.
VII. Conclusions
We consider Lorentz-invariance as the fundamental symmetry of all of physics.
Within the framework of the Lagrange Formalism a Lorentz-invariant action
gives raise to the Energy tensor (due to translation invariance) and to the
Energy-momentum tensor (due to proper Lorentz-rotations). If the equations
of motion are satisfied both these tensors are conserved. For gravitational
interactions there is the additional symmetry of G-gauge transformations
vanishing at infinity. If the action if G-gauge invariant, the G-gauge co-
variant energy-momentum tensor vanishes identically. As we will see in a
forthcoming paper this statement will give a precise meaning of the folk-
lore statement “The right hand side of Einstein’s equations is given by the
energy-momentum tensor of matter.” The energy tensor for the gravitational
interaction is however not G-gauge covariant. But if the equations of motion
are satisfied, the energy tensor is conserved.
We hope that this paper puts to rest all the speculative statements about
the energy-momentum tensor in General Relativity.
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Appendix A: Notations
Let ηµν denote the Lorentz metric tensor with signature (+,−,−,−) and ηµν
its inverse. The Lorentz 4-volume element is represented by dx. We use the
abbreviation ∂µ =
∂
∂xµ
and for any field φ on Minkowski space ∂µφ = φµ. Let
gαβ be a symmetric Lorentz tensor field on Minkowski space and g
αβ be its
inverse, i.e.,
gαµgµβ = δ
α
β
We introduce the following quantities
g = −Det(gµν)
Γµαβ =
1
2
[gµα,β + gµβ,α − gαβ,µ]
Γµαβ = g
µσΓσαβ
Γµσβ = g
σαΓµαβ
Γµσ̺ = g̺βΓµσβ
Kµν = Γ
β
µαΓ
α
νβ − ΓαµνΓβαβ
Bµ =
√
g[Γµαα − Γαµα]
Rµν = Γ
α
µν,α − Γααµ,ν −Kµν
Rαν = g
αµRµν
Rαβ = gβνRαν
R = gµνRµν
Kαβ = gαµgβνKµν
K = gµνKµν
Hµν = Rµν − 1
2
gµνR
Hαν = g
αµHµν
Hαβ = gβνHαν
We then have the following relations
R
√
g = K
√
g + ∂µB
µ (1)
12
ε(gαβ)(K
√
g) ≡
[
∂
∂gαβ
− ∂µ ∂
∂gαβ,µ
]
(2)
∂µ(
√
gHµσ) =
1
2
√
gHαβgαβ,σ (3)
Appendix B: Calculus of Variation for a Lorentz-
invariant Action
We collect here the resuts in [3].
Let φ represent several multicomponent fields on Minkowski space. Sum-
mation over Lorentz-, spinor-, and internal indices is always implied. The
action is given by
A =
∫
dxL0 +
∫
dx∂µB
µ
where
L0 = L0(φ, ∂µφ), B
µ = Bµ(φ, ∂αφ),
and is assumed to be Lorentz invariant.
The infinitesimal field variation (local variation) is defined by
(δ∗φ)(x) = φ¯(x)− φ(x).
δ∗ commutes with the derivative, i.e.,
δ∗∂µ = ∂µδ∗.
An infinitesimal coordinate transformation on xµ results in new coordinates
x¯µ. The coordinate variation is then defined by
δxµ = x¯µ − xµ.
The variation of a field, induced by a coordinate variation, is given by
(δφ)(x) = φ¯(x¯)− φ(x).
We then have the relation
δ∗ = δ − (δxµ)∂µ
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as applied to any field.
The variational principle now reads
δA =
∫
dx δ∗L0 +
∫
dx∂µ[L0δx
µ + (∂αB
α)δxµ + δ∗B
µ]
We now introduce the following abbreviations
Hµ ≡ ∂L0
∂φµ
(1)
G ≡ ε(φ)L0 ≡ ∂L0
∂φ
− ∂µHµ Euler derivative (2)
Eµσ ≡ Hµφσ − δµσL0 Energy tensor (3)
Then the variational principle becomes
δA =
∫
dx[Gδφ−Gφσδxσ]
+
∫
dx∂µ[−Eµσδxσ +Hµδφ+Bµ(∂αδxα)−Bα(∂αδxµ) + δBµ]
For coordinate variations with
δφ = −Sβλ(φ)∂βδxλ
and the abbreviations
P
µβ
λ ≡ δµλBβ − δβλBµ +
∂Bµ
∂φ
S
β
λ +
∂Bµ
∂φβ
φλ +
∂Bµ
∂φα
S
β
λ (4)
K
µα
λ ≡ HµSαλ + P µαλ (5)
The variational principle finally reads
δA =
∫
dx
[
−Gφσδxσ −GSβλ∂βδxλ
]
+
∫
dx∂µ
[
−Eµσδxσ −Kµβλ∂βδxλ −
∂Bµ
∂φα
S
β
λ∂α∂βδx
λ
]
or
δA =
∫
dx
[
∂β(GS
β
λ)−Gφλ
]
δxλ
+
∫
dx∂µ
[
−{Eµσ +GSµσ}δxλ −Kµβλ∂βδxλ −
∂Bµ
∂φα
S
β
λ∂α∂βδx
λ
]
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Translation invariant implies
∂µE
µ
σ +Gφσ = 0 (I)
Now raising and lowering indices will be done with the Lorentz metric.
We finally introduce the abbreviations
Zµσ ≡ Eµσ +GSµσ + ∂λKλµσ (6)
W λµα ≡ 1
2
(
Kµαλ +Kαµλ
)
− 1
2
(
Kλµα +Kµλα
)
− 1
2
(
Kαλµ +Kλαµ
)
(7)
Proper Lorentz invariance together with translation invariance now gives
Zµα = Zαµ (II)
∂µZ
µ
σ = −Gφσ + ∂µ(GSµσ) + ∂µ∂λKλµσ (III)
The energy-momentum tensor is given as follows: Let
tµα ≡ ∂λW λµα.
Then
tµα = tαµ
(i) If ∂µ∂λK
λµα = 0, then
T µα = Zµα
and
∂µt
µα = 0
(ii) If ∂µ∂λK
λµα 6= 0, then
T µα = Zµα + tµα
The energy-momentum tensor is symmetric and is conserved provided the
equations of motion are satisfied.
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Appendix C: Raising and Lowering Operators
hαβ =
√
ggαβ, hαβ =
1√
g
gαβ
Many expressions in the theory of gravity are simpler if written in terms
of the above quantities. Here raising and and lowering is performed by hαβ
and hαβ respectively.
We introduce the abbreviations
Aνµλ ≡ hµβ∂λhβν = −hνβ∂λhβµ
Aλ ≡ Aµµλ
Then
Aνµλ = δ
ν
µΓ
σ
σλ − gνβ(Γβµλ + Γµβλ)
Aλ = 2Γ
σ
σλ , ∂µAν = ∂νAµ
Aνσλ = ∂λh
νσ
Aνσλ = −∂λhνσ
We also have the representation
Γµνσ =
1
4
{δµνAσ + δµσAν − hνσAµ}
− 1
2
{Aµνσ + Aµσν − hµαAνσα}
K
√
g =
1
8
AαAα +
1
4
[
2AµασA
σ
αµ − hανAµσαAσµν
]
Bµ = −Aµαα −
1
2
Aµ
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